ABSTRACT: We consider the AdS 3 /CFT 2 duality between certain coset WZW theories at large central charge and Vasiliev 3D higher spin gravity with a single complex field. On the gravity side, we discuss a higher spin black hole solution with chemical potential coupled to the spin-4 charge. We compute the perturbative expansion of the higher spin charges and of the partition function at high order in the chemical potential. The result is obtained with its exact dependence on the parameter λ characterising the symmetry algebra hs [λ]. The cases of λ = 0, 1 are successfully compared with a CFT calculation. The special point λ = ∞, the Bergshoeff-Blencowe-Stelle limit, is also solved in terms of the exact generating function for the partition function. The thermodynamics of both the spin-4 and the usual spin-3 black holes is studied in order to discuss the λ dependence of the BTZ critical temperature T BTZ (λ). In the spin-3 case, it is shown that T BTZ (λ) converges for large λ to the critical point of the λ = ∞ known partition function previously found by the authors. In the spin-4 black hole, the picture is qualitatively similar and T BTZ (∞) is accurately determined by various numerical methods.
Introduction
Gravity theories with interacting higher spin gauge fields plays an important role in the study of AdS/CFT correspondence [1, 2] . With major insight, the authors of [3] proposed Vasiliev higher spin theory on AdS 3 [4, 5] to be dual to a class of coset WZW conformal theories in certain large-N limit. The gravity side is a topological three dimensional theory with infinite dimensional gauge symmetry hs[λ] ⊕ hs [λ] . As a consequence of the duality, the conformal side has chiral algebra W ∞ [λ].
The gravity theory in the bulk is known to admit black hole solutions with non zero values of the higher spin charges [6] [7] [8] . These black holes are a tool to understand and probe AdS/CFT duality. Besides, they are interesting in their own because the invariance under diffeomorphism is enlarged to a higher spin symmetry. Remarkably, it is possible to describe the thermodynamics of the black hole solutions in quite explicit terms [6, 9] . In particular, the entropy can be computed from the partition function. Non trivial values of the higher spin charges are induced by introducing chemical potentials coupled to the higher spin currents. In the AdS/CFT correspondence, such black holes are interpreted as states of a dual CFT deformed by an irrelevant operator determined by which chemical potentials are turned on. The counting of microscopic states can be performed in the CFT by exploiting the chiral W-symmetry of the conformal theory. The simplest theoretical framework is the spin-3 black hole where there is a chemical potential sourcing the spin-3 charge. For this problem, the O(α 8 ) expansion of the partition function in powers of the spin-3 charge chemical potential α [7] has been confirmed by the computations in [10] [11] [12] at generic values of the parameter λ. We remind that λ has the physical role of parametrising a curve of inequivalent AdS vacua of the theory.
Actually, the dependence on λ is quite interesting and three special values are particularly intriguing. At λ = 0, 1 the dual conformal theory is free and the partition function can be computed at all orders. At λ = ∞, the Bergshoeff-Blencowe-Stelle limit [13] , many simplifications occur and the limit is non-trivial. The partition function in this regime has been computed in closed form in [14] and displays a critical point whose physical meaning will be elucidated in this paper. Also, special resummation properties have been discovered in the study of the scalar correlator in the spin-3 background [15] .
In this paper, we introduce another simple theoretical model that can be studied with the same techniques developed for the spin-3 black hole. It is a black hole with a chemical potential for the spin-4 charge. Such a solution has been considered in fixed low N gravity in [16] [17] [18] [19] . Here, we shall present a detailed study of such a solution in hs [λ] by uplifting the solution in sl(N ) gravity at generic N and identifying N with λ. In particular, we shall present a high order calculation of the perturbative expansion of the higher spin charges and the partition function. For the spin-4 black hole, we shall prove agreement with CFT at λ = 0, 1 thus providing a novel partial check of AdS 3 /CFT 2 duality. Also, we shall discuss the properties of the λ = ∞ point finding, in particular, the exact generating function of the partition function.
As a matter of fact, the truncation of the hs[λ] theory to sl(N ) gravity at λ = N is an important tool in the study of the dependence on λ which is typically smooth and can be inferred from the analysis of the case of integer λ. In particular, the thermodynamics of higher spin black holes in sl(N ) gravity has been studied in various papers (see for instance [20] ) with much effort in the N = 3 case with spin-3 chemical potential. The perturbative BTZ branch of the solution admits a critical temperature where a first order transition is expected to occur and the BTZ branch ceases to exist. In the past, the dependence of this temperature on N has not been studied in details. Here, we perform such a study in both the spin-3 and spin-4 black holes. We shall prove that the critical BTZ temperature exists for all N and converges as N → ∞. In the spin-3 black hole, we provide accurate numerical results to show that its limit value can be identified with the critical point of the large λ partition function. In the spin-4 black hole, we demonstrate that the pattern is the same and that the critical BTZ temperatures converges to a critical point of the large λ partition function related to the finite radius of convergence of its perturbative expansion.
The plan of the paper is the following. In Sec. (2), we review the construction of higher spin black holes in sl(N ) Chern-Simons gravity. In Sec. (3), we present the spin-4 black hole solution in sl(N ) with generic N , thus essentially in hs [λ] . In Sec. (4), we show the agreement with the gravity partition function and the CFT calculation at N = 0, 1. In Sec. (6), we present the analysis of the BTZ critical temperature in both the spin-3 and spin-4 black holes with emphasis on its N → ∞ limit. Various appendices collect technical data and complementary discussions.
Higher spin black holes in sl(N ) ⊕ sl(N ) Chern-Simons gravity
Einstein gravity with a negative cosmological constant can be recast in the form of a SL(2) × SL(2) Chern-Simons theory [21, 22] . The action is a functional of the sl(2)-valued 1-forms A and
The Chern-Simons level k, the Newton constant G N , and the AdS 3 radius AdS are related by k = AdS /(4G N ). The extension from sl(2) to sl(N ), with integer N ≥ 3, is particularly interesting. It describes a gravity theory where the graviton is supplemented by a tower of symmetric tensor fields with spin s = 3, 4, ..., N . Remarkably, this theory can be viewed as a truncation of the Chern-Simons action based on the infinite dimensional higher spin algebra hs[λ] where λ is a positive real parameter determining the gravitational couplings among the higher spin fields [23, 24] . Upon the choice λ = N , we recover the sl(N ) theory.
Higher spin black holes can be constructed as a suitable generalisation of the BTZ black hole found in [25, 26] in sl(3) gravity. The (holomorphic) connection of the BTZ black-hole reads
where ρ, x ± ≡ t ± ϕ are the space-time coordinates and the conserved charge L is a linear combination of the conserved mass and angular momentum charges. The operators V 2 s are generators of sl(2) principally embedded in sl(3) (see App. (A) for the notation). It is convenient to introduce complex coordinates on the fixed-ρ slices with the identification z ∼ z + 2πτ. The modular parameter τ depends on the temperature and angular velocity of the black hole [8] . The holonomy of the gauge connection around the above Euclidean time circle is (notice that here
The holonomy has to be trivial if we want to smoothly close the circle at the horizon. This smoothness condition leads to the spin-2 charge 5) and can be alternatively stated in a gauge invariant way as a constraint on the holonomy eigenvalues. Similar solutions can be constructed in the sl(N ) theory according to the recipe described in [7] . As a first step, one performs a suitable gauge transformation that removes from the connections any ρ dependence and also sets to zero the ρ component [27] 
The + component of the transformed connection a is then written in the form The physical meaning of the constants µ s is that of chemical potentials acting as sources for the higher spin charges appearing in a + (the subleading terms will be discussed later). This interpretation can be supported by a more constructive approach where one shows that, for non constant charges W s = W s (z, z) and µ s = µ s (z, z), the bulk equations of motion reduce to the Ward identities of the asymptotic chiral algebra in presence of deformations associated with the higher spin fields [6] . The standard way to fix the charges as functions of the chemical potentials is to impose smoothness of the horizon in the form of the following (infinite) set of equations [6, 9] Tr(ω
These holonomy conditions must be consistent with thermodynamics. In other words, we want to interpret the black hole solution as a saddle point contribution to a microscopic partition function of the form (holomorphic part only)
where S is the entropy in the holomorphic formalism 1 . By consistency, the following integrability relations must hold
Actually, these conditions are quite strong. We shall exploit them in the analysis of the spin-4 black hole studied in this paper. In particular, they will fix the structure of the various terms in the connection including the subleading terms.
The spin-3 black hole
The previous discussion can be made definite by considering the spin-3 black hole introduced in [7] . This is a solution with a non trivial spin-3 charge W associated with the chemical potential α. The solution has been discussed for the hs[λ] invariant theory, and can be truncated to a solution in sl(N ) by taking λ = N . The detailed form of the connection is
where the normalisation κ(N ) = 20 N 2 −4 simplifies the comparison with the sl(3) results of [6, 9] and is also adopted in [7] . The analysis of [7, 14] determined the high order expansion of the charges as power series in α whose coefficients are explicit functions of N . The integrability conditions (2.11) are satisfied and the partition function log Z can be computed. Remarkably, it is possible to take the N → ∞ limit of various quantities in closed form. In particular, it was found that (k = 1)
From this expression, the exact spin-2 and spin-3 charges are In Sec. (6), we shall explore and clarify the physical interpretation of this singularity.
The spin-4 black hole
A black-hole solution with a spin-4 source has been considered in [16] [17] [18] [19] at N = 4, 5.
Here, we propose the general form of the solution for generic N , including the uplift to hs[λ = N ]. The connection is
This expressions contains arbitrary normalisations of the charges and the chemical potential. We choose the coefficient of the a 3 + term in the − component to be κ 2 in analogy with the spin-3 case. This choice will guarantee in the end a smooth limit for N → ∞. Once these normalisations are fixed, everything is determined by the integrability conditions. They determine, in particular, the peculiar coefficient in front of the linear term ∼ a + in a − . As a final remark, we notice that all the odd spin charges are zero in this solution. This is due to the fact that the source is associated with the (even) spin-4 field.
Perturbative expansion
We have solved the holonomy equations for our solution and the general form of the expansion of the higher spin charges in powers of α turns out to be (J 2 ≡ L)
This means that L , J 4 , and N s−2 J s (s ≥ 6) admit a smooth non trivial limit as N → ∞. Many terms J s,n are reported in App. (B). Also, some features of the rational functions J s,n are discussed in App. (C). Here, we just write the first terms of the expansions of the spin 2, 4, 6 charges
The expansions trivialise at N = 3 as it should be. The condition ∂ α L = ∂ τ J 4 is indeed satisfied and implies that
A partition function can be defined integrating the relation
that simply implies where λ = N . According to [3] , the dual conformal theory has chiral symmetry algebra
. This infinite dimensional algebra admits a free boson (fermion) realisations at λ = 1 (0). Thus, the partition function evaluated at these special values of N can be matched to a CFT calculation in such simple theories. This calculation has been performed in [7] for the spin-3 higher spin black hole. Here, we shall apply the same methods to our case.
Free bosons, N = 1
The partition function at N = 1 reads [34] . The first cases are [35] (see also the discussion in [36] )
3)
The partition function evaluated with the insertion of the zero mode of
Adapting the calculation of [7] , this can be written in the high temperature limit τ → 0
(4.6)
The integral can be evaluated by the methods described in [14] and we obtain the exact expansion Going to the limit τ, α → 0 with fixed α/τ 3 , most terms are subleading and the surviving contributions (the most singular terms for τ → 0) agree with (4.1). We have checked the agreement up to the available order O(α 18 ). For the following discussion, it is convenient to introduce a notation for the operation in (4.8) followed by the high temperature limit. To this aim, let us consider the partition function at a certain N (we shall be interested in the cases N = 0, 1, ∞). It has the structure log Z(τ, α)
For such a function, we introduce the operator S γ by the definition
This operator returns a new partition function, i.e. a new series of the form
(4.11)
Free fermions, N = 0
The partition function at N = 0 reads by imposing a constraint that eliminates the spin-1 current. In the black hole with spin-3 chemical potential this was achieved by introducing a further chemical potential for the spin-1 charge and requiring that charge to vanish. In the spin-4 black hole solution considered here, this is not necessary since parity automatically sets it to zero. In close analogy to the previous bosonic case, and using the same notation, the high temperature limit τ → 0 of the partition function with the insertion of the non-primary spin-4 charge is now
(4.13)
Again, the integral can be evaluated and we obtain the exact expansion
α n τ 3n+1 = (4.14) 
In this case, we did not succeed in finding a resummation for the above expansion. Therefore, we cannot identify analytically a critical value for α/τ 3 analogous to (2.17). Nevertheless, inspired by the simple relations (4.11) and (4.15), we tried to see if a generalisation in terms of S γ with a suitable γ happens to simplify the expansion of the partition function. Remarkably, one finds that γ = 1 does the job. Indeed, 
The series in the r.h.s. is simpler than the expansion of the partition function. Indeed, with some work, it can be resummed in closed form as follows 
In App. (D), we collect the extended expansion of log Z N =∞ (τ, α) up to order O(α 33 ) computed from the generating function. As a final important remark, we emphasise that the critical point of F(τ, α) does not coincide with the radius of convergence of log Z N =∞ (τ, α) as one could naively guess. The reason is that the S γ operation is highly non-trivial and generically changes the radius of convergence of the series to which it is applied. This statement can be easily checked by working out simple model functions for the partition function and analysing the associated series expansions.
6 The BTZ critical temperature of higher spin black holes
The spin-3 case
As discussed in [20] for N = 3, the holonomy equations admits several branches of solutions whose physical meaning is quite interesting. In particular, there is a (BTZ) branch which is associated with the perturbative expansion in α . The BTZ branch can be studied at fixed chemical potential µ as a function of the temperature T appearing in
It is found that the BTZ branch exists up to a critical temperature T BTZ . The extension of these analysis to the spin-3 black hole in sl(N ) can be done analytically at low N , but requires some numerics already for moderately large N because of the complexity of the holonomy conditions. In the following, we shall set µ = 1 without loosing generality since the holonomy equations determine a critical value of the product µ T. Also, there is symmetry between µ → −µ. We computed accurately the BTZ branch by starting at T = 0 and increasing it in adaptive steps ∆T using at each step the solution computed at the previous step. The numerics has been evaluated with typically 60 digits. From (2.17), we expect to find 3) The convergence is illustrated graphically in Fig. (2) where the dashed line is again the predicted asymptotic value. We extrapolated the sequence {T BTZ (N )} at N = ∞ using the Bulirsch-Stoer (BST) algorithm discussed in App. (E) with the result
This compares perfectly with the analytical value 9 64 π √ 5 = 0.0200183 . . . . In summary, this analysis has proved that there is a critical value of the temperature for each N and that the sequence of values T BTZ (N ) converges to the analytical prediction. As N increases, the curves collapse to a smooth curve of finite length. This is consistent with the N = ∞ analytical result. Indeed, the inflection of the BTZ branch disappears in this limit and the following derivatives are finite 
The spin-4 case
In the spin-4 case, we expect the same qualitative picture to be valid for the BTZ branch. However, there is no available closed form for the partition function not even in the large N limit. Nevertheless, we can take the perturbative expansion of log Z at a certain N and estimate the critical temperature by identifying it with the radius of convergence of the perturbative series. This is done by plotting a Domb-Sykes plot [38] where the ratio of subsequent coefficients of the power series is studied as a function of the inverse of their index. If a linear trend is asymptotically observed, then its intercept determines the convergence radius. Doing this exercise, and taking |µ| = 1, we obtain The exact determination of the critical temperature at fixed moderate N can be done as in the previous case of the spin-3 black hole. There is however a remarkable difference already noted in [18] . In the spin-3 case, the partition function is an even function of α/τ 2 = −2 π i µ T. Hence, the sign of µ is irrelevant. Here, the partition function is a function of α/τ 3 = 4 π 2 µ T 2 . So, changing the sign of µ allows to explore the partition function at different signs of α/τ 3 . Now, the convergence radius of the partition function is the value of |α/τ 3 | at the singularity which is nearest to the origin. It turns out that there are two almost symmetric singularities according to the sign of α/τ 3 . This is illustrated in Fig. (4) where we plot the branches of the function L(α/τ 3 ) at τ = 1 and N = 5. The BTZ branch is the upper curve and has the property of being finite at α = 0, according to the perturbative expansion that we derived. It exists up to a critical value that is different sign of µ is required if we want to identify the convergence ratio with the N → ∞ limit of the critical temperatures of the BTZ branch. We have analysed this issue and found that µ < 0 is correct. Thus, in the following we shall take µ = −1. Of course, the picture at µ > 0 is similar, but without coincidence between T BTZ (∞) and the partition function convergence radius. Again, there is a BTZ branch that stops at a certain T BTZ (N ). This is illustrated in Fig. (5) , quite similar to Fig. (1 Fig. (6) , analogous to Fig. (2) . The extrapolation T BTZ (∞) can be determined by the BST algorithm. We find that the best value of the free parameter ω, defined in App. (E), is ω * 0.75. The BST estimate reads (1), (6.9) and is in full agreement with the Domb-Sykes values T DS . 
Conclusions
The aim of this paper has been twofold. First, we have introduced a novel higher spin black hole solution in hs[λ] gravity with a chemical potential coupled to the spin-4 charge. Our approach has been that of working in sl(N ) gravity and to uplift the results to hs [λ] . We derived the expansion of the partition function (and of the various higher spin charges) in powers of the chemical potential. At λ = 0, 1, we have been able to test our results against a free CFT computation. At generic λ, it would be very interesting to repeat the analysis of [12] to see how agreement is found in full details. The second part of the paper dealt with the thermodynamical properties of the black hole solutions at increasing integer λ. We showed that, both in the standard spin-3 and in the proposed spin-4 solutions, there is a critical BTZ temperature T BTZ (λ) converging for λ → ∞ [13] to a finite limit. In the spin-3 case, we showed that this asymptotic temperature is associated with the critical point previously found in the partition function at λ = ∞. In the spin-4 case, we showed that the picture is qualitatively similar. By accurate numerical methods, we determined the value of T BTZ (∞) proving that, again, it agrees with the radius of convergence of the perturbative expansion of the partition function.
A Notation for the sl(N) generators
The generators of sl(N) in the fundamental representation are N × N matrices V s m labeled by a spin and a mode index with s ≥ N and |m| < s. The generators of the canonical sl(2) subalgebra have non-zero matrix elements
The other generators are built according to
B List of rational functions J s,n (N )
In this section we list the explicit expressions of the rational functions in (3.3). For the first two charges J 2 , J 4 the rational functions are related, due to the integrability constraint, see (3.8) . For J 2 , we have
and then the generic form of the functions J 2,n (N ), with n = 2, 3, . . . , is given by:
where the polynomials P n (N ) are C Properties of the zeroes of J s,n (N )
In [14] , it was observed that the polynomials appearing in the expansion of the charges had a certain number of real roots moving toward integer numbers as the degree of the polynomial increased. Here, we can repeat the same numerical analysis for the polynomials P m in the expansion of L. Again, we find some roots approaching integer numbers, as one can clearly see in the following The interpretation of this property is the same as in [14] . In particular, this property is related to the the truncation of the underlying W ∞ algebra that happens precisely at the integer values of λ.
D High order expansion of log Z N =∞
The expansions coefficients b n ≡ b n (N = ∞) appearing in (3.10) can be computed by the formula (5.4). We found 
E The Bulirsch-Stoer extrapolation algorithm
An interesting problem in numerical mathematics is that of estimating the asymptotic value f ∞ of a sequence { f n }, given a finite number of terms. The problem is easy when the sequence is linearly convergent, i.e. satisfies the condition |ρ| < 1, with ρ = lim
In this case rigorous theorems provide the existence of algorithms that accelerate the asymptotic convergence of any such sequence. In the logarithmically convergent case, ρ = 1, there is not any method that can guarantee the acceleration of a generic sequence. However, efficient acceleration algorithms exist if if one selects a restricted class of logarithmically convergent sequences. A widely considered case is that of sequences f n ∼ f ∞ + a 1 n −ω 1 + a 2 n −ω 2 + . . . where 0 < ω 1 < ω 2 < . . . are positive exponents. They have ρ = 1, but can be treated with the so-called BST algorithm [39] . It is convenient to introduce a generic small parameter h and consider a function f (h) with the following asymptotic expansion as h → 0
Now, suppose that the following set of pairs is available {(h n , f (h n ))} 0≤n<N , 0 < h N < h N−1 < · · · < h 0 . (E.
The BST algorithm estimates f (0) by constructing a improved sequences whose convergence is accelerated with respect to the initial sequence. Technically, one builds a grid { f n,m } 0≤n<N,−1≤m<N where the initial values are , (E.5) where ω is a positive real number which is a free parameter of the algorithm.
After that the BST grid has been computed for a certain ω, the best choice ω = ω * is the one that makes the last generated sequences (i.e. Then, ω * as the value that minimize δ K (ω), and the predicted limiting value is f 0,N−1 (ω * ).
